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I compute the gluon self-energy in a color superconductor with two flavors of massless 
quarks, where condensation of Cooper pairs breaks SU{3)c to SU{2)c. At zero temperature, 
there is neither Debye screening nor a Meissner effect for the three gluons of the unbro- 
ken SU{2)c subgroup. The remaining five gluons attain an electric as well as a magnetic 
mass. For temperatures approaching the critical temperature for the onset of color super- 
conductivity, or for gluon momenta much larger than the color-superconducting gap, the 
self-energy assumes the form given by the standard hard-dense loop approximation. The 
gluon self-energy determines the coefficient of the kinetic term in the effective low-energy 
theory for the condensate fields. 

I. INTRODUCTION 

Single-gluon exchange between two quarks is attractive in the color anti-triplet channel. Therefore, suffi- 
ciently cold and dense quark matter is a color superconductor . 

In some aspects, color superconductivity is similar to ordinary (BCS) superconductivity |^,^. For instance, 
like electrons in a BCS superconductor, quarks form Cooper pairs. At zero temperature, T = 0, the ground 
state of the system is no longer a Fermi sea of quarks (and a Dirac sea of antiquarks), but a Bose condensate 
of quark Cooper pairs. In the normal phase the excitation of a particle-hole pair at the Fermi surface 
costs no energy. In the superconducting phase, however, exciting a quasiparticle-quasiparticle-hole pair 
costs at least an energy 2 0Oj where 4>q is the zero-temperature gap. Another similarity between color and 
BCS superconductivity is that, in weak coupling, the critical temperature for "melting" the Cooper pair 
condensate is Tc ~ 0.57 0o |^,|[- 

There are, however, also fundamental differences between color and BCS superconductivity. First of 
all, a BCS superconductor requires the presence of an atomic lattice with phonons that cause electrons to 
form Cooper pairs. On the other hand, in QCD gluons themselves cause quarks to condense. Another 
difference is that in BCS theory the zero-temperature gap depends on the BCS coupling constant G as 0o ~ 

exp(— cbcs/G^) where ^ is the chemical potential, and cbcs =const., while in a color superconductor, 
(pQ ^ ^ exp(— cqcd/s) where g is the QCD coupling constant, and cbcs cqcd = const. 

The physical reason for the change in the parametric dependence on the coupling constant is that, because 
gluons are massless, gluon-mediated interactions are long-range, in contrast to BCS theory, where phonon 
exchange is typically assumed to be a point- like interaction pH] . The long-range nature of gluon exchange 
manifests itself in the infrared singular behavior of the gluon propagator. This enhances the contribution 
of very soft, coUinear gluons in the gap equations |^,||, and causes the \/g in the exponent, instead of a 
1/g^ which would appear if gluons were massive or gluon exchange a point-like interaction as assumed 
in Nambu-Jona-Lasinio-type approaches to color superconductivity pj. 

Some care has to be taken in determining the coefficient cqcd- This constant differs when one uses the free 
gluon propagator ]lO| in the solution of the gap equations instead of a propagator which takes into account 
the presence of the cold and dense quark medium. By now, several authors [5fl^,[ll]^[l^ have confirmed Son's 
original result cqcd = Stt II , obtained by using the gluon propagator in the so-called "hard-dense- 
loop" (HDL) limit . The gluon propagator in the HDL limit is obtained by resummation of the gluon 
self-energy, computed to one-loop order for gluon energies po and momenta p that are much smaller than 
the quark chemical potential /i. 
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In weak coupling, the temperatures where quark matter is color-superconducting are much smaller than 
the quark chemical potential, T ~ 0o ~ M exp(— cqcd/s) Therefore, to leading order the contributions 

of gluon and ghost loops to the one-loop gluon self-energy can be neglected, and the main contribution 
comes from the quark loop. This is very similar to ordinary superconductivity, where the one-loop photon 
self-energy is determined by an electron loop. 

In the standard HDL approximation, however, the quark excitations in the loop are considered to be those 
of the normal and not of the superconducting phase. This is in principle inconsistent. The aim of the present 
work is to amend this shortcoming and to compute the gluon self-energy in the color-superconducting phase. 

For the sake of definiteness, I consider a color superconductor with Nf = 2 flavors of massless quarks, and 
assume that quarks condense in a channel with total spin J = and even parity. In this case, the quark- 
quark condensate breaks SU{2>)c to SU{2)c- Consequently, one expects that the three gluons of the unbroken 
SU{2)c subgroup remain massless, while the other five gluons of the original <S'C/(3)c obtain masses through 
the Anderson-Higgs mechanism. It is therefore necessary to consider different gluon colors separately. 

I derive a general expression for the quark contribution to the gluon self-energy, and study the limit where 
the gluon energy po = and the gluon momentum p — > 0. For electric gluons, this limit gives the Debye 
mass, while for magnetic gluons, it gives the Meissner mass. I also consider the limit where po = 0, but 
p 3> 00- In this case, the gluon momentum is large enough to resolve individual quarks in a Cooper pair; 
consequently, the Debye masses approach their values in the normal phase and the Meissner effect vanishes. 

Debye screening of static color-electric fields and the Meissner effect for static color-magnetic fields are in 
principle quite analogous to Debye screening and the Meissner effect for electromagnetic fields in ordinary 
superconductors However, the somewhat more complicated color and flavor structure of a quark-quark 
condensate in comparison to an electron-electron condensate gives rise to an additional degree of complexity. 
While studying these effects in a color superconductor is interesting in itself, they might have, however, far 
greater implications for color superconductivity than the corresponding effects in ordinary superconductors: 
unlike photons, gluons themselves are responsible for condensation of quark pairs. The modification of the 
gluon self-energy in the superconducting phase directly enters the gap equation through the gluon propagator, 
and so might change the value for the gap. On the other hand, the influence of the photon self-energy on 
electron condensation is at best a higher order effect. 

Although effects from quark condensation in the gluon propagator vanish for large gluon energies and 
momenta, one can a priori not exclude that they will not change the solution of the gap equations. For 
instance, to assess the importance of the Meissner effect, note that, in the HDL approximation, the main 
contribution to the gap equations comes from color-magnetic fields with momenta p ~ (Wg(/)o)^/^ ^ 4>o^ 
where rUg is the gluon mass P,p|,p|,p^ . As will be seen below, the Meissner effect is small, but not absent, 
at the same momentum scale. This means that the Meissner effect can indeed influence the solution of the 
gap equation. A flrst estimate of this effect (neglecting the color-flavor structure of the condensate and 
considering only the dominant contribution to the gluon self-energy) was given in and a reduction of 
the zero-temperature gap was found. 

This paper is organized as follows. In Sec. ^ a compact derivation of the quark contribution to the gluon 
self-energy is presented, mainly to introduce the notation and the concept of Nambu-Gor'kov spinors 
which considerably simplify calculations at nonzero chemical potential. In Sec. Ill the quark contribution to 
the gluon self-energy is explicitly computed in the normal phase. The HDL limit is derived to show that the 



Nambu-Gor'kov method indeed gives the correct answer. Section |V| generalizes the previous results to the 
superconducting phase. In Sec. [V| the zero-energy, zero-momentum limit of the gluon self-energy is studied, 
which yields the Debye as well as the Meissner masses in the superconducting phase. Section VI discusses 
how, for nonzero gluon momenta p ^ 4>o, the Debye masses approach their values in the normal phase, and 
the Meissn er e ffect vanishes. Readers not interested in technical details should skip Sees. ^ to ^ and move 
on to Sec. VIl, where the main results of this work are summarized, conclusions are drawn, and an outlook 
for future studies is given. 

I use natural units, Ti ~ c ~ ks ~ I, and work in Euclidean space-time = V/T, where V is the volume 
and T the temperature of the system. Nevertheless, I find it convenient to retain the Minkowski notation 
for 4- vectors, with a metric tensor g^'' = diag(-|-, —,—,—). For instance, the space-time coordinate vector is 
x^^ = (i,x), t = —IT, where t is Euclidean time. 4-momenta are denoted as K^^ = (A:o,k), /cq = —i^m where 
LOn is the Matsubara frequency, a;„ = 2m:T for bosons and LUn = (2n+ 1)ttT for fermions, n = 0, ±1, ±2, . . .. 
The absolute value of the 3-momentum k is denoted as fc = |k|, and its direction as k = k/fc. 
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II. THE GENERATING FUNCTIONAL AT NONZERO CHEMICAL POTENTIAL 



Consider QCD with Nf quark flavors, at nonzero chemical potential. The Nf x Nf matrix of quark masses 
m/ will be denoted as to = diag(TOi, TO2, . . . , rriNf)- Let us consider a color neutral system, i.e., there is no 
chemical potential for color, however, there can be in general a chemical potential Hf for each quark flavor 
/. Let us denote the Nj x Nj chemical potential matrix as = diag(/xi, /X2, ■ • • , MAf/)- Then, the generating 
functional for the A^-point functions of the theory reads (normalization factors are suppressed) 



Z[J,fj,7j] = J VU[A] exp ^ [Ca + J;A^^ 



(la) 



Z[A, f),ifi= / Vi^ Vip exp <^ / [i^ {ij^d^ + M70 - m + g-f'^A'^^Ta) i; + fji> + ^rj] \ . (lb) 



Here, 'DU[A\ is the gauge invariant measure for the integration over the gauge fields A^^. The space-time 

integration is defined as = j^^^ dr Jy(Px. g is the QCD coupling constant, 7'' are the Dirac matrices, 
and Ta = Aa/2 the generators of SU{Nc); for QCD, Nc = 3, and Xa are the Gell-Mann matrices. The 
quark fields ip (as well as the external fields 77) are 4A^c-^/-component spinors, i.e., they carry Dirac indices 
a ^ 1, ... ,4, fundamental color indices i — I, . . . , Nc, and fiavor indices f — 1, . . . , Nf. The Lagrangian for 
the gauge fields consists in general of three parts, 

= Cf + -Cgf + Cfpg , (2) 

where 



CF^~-;FrF^, (3) 



is the gauge field part, = df^A"^ — d„A'^+ gf'^'"^A''^A'l is the field strength tensor. The parts corresponding 
to gauge fixing, Cg{, and to Fadcev-Popov ghosts, CfpGi need not be specified: it will be seen that they are 
inconsequential for the following. 

In the vacuum, the ground state of the system consists of the Dirac sea, i.e., all negative energy (antiquark) 
states are occupied, while all positive energy (quark) states are empty. At zero temperature and nonzero 
chemical potential, fj,f > 0, however, the ground state consists of the Dirac sea and the Fermi sea, i.e., 
positive energy states which are occupied up to the Fermi energy fj.f. Formally, this is expressed by the 
term -ipfi^fQip in the generating functional (p^), which ensures that the energy of excited states of fiavor / is 
measured with respect to the Fermi energy fif, and not with respect to the vacuum at zero density. 

This shift of the energy scale introduces an apparent asymmetry. One can restore the symmetry by the 
following trick. Introduce M identical copies ("replicas") of the original quark fields. All copies are supposed 
to interact with the gluon field in the same way. At the end, after having computed A^-point functions for 



this extended system, M will be set equal to 1. The generating functional (lb) for the quark part is replaced 

by 

Z[A, ,7, r?] -> Zm[A, f), rj] = {Z[A, f], 7j]f' . (4) 

Now define the charge conjugate spinors ipC: '4'c through 

^P = C^^ , ^P = ^P^C, (5) 

where C = 17^70 is the charge conjugation matrix; C — — C^^ = —C^ = — C^. In half of the M copies in Eq. 
(^, replace "0, tp by the charge conjugate spinors -ipc, tpc- Using C^^C~^ = — 7J, and the anticommutation 
property of the (Grassmann- valued) quark spinors, one obtains after an integration by parts (and disregarding 
the overall normalization) 

ZM[A,n.Tl,nc,Vc]= (^J Vi>V4,Vi>cVi;c expj^ [v;(i7''5^+Ai7o-"i + 5^;ir^)V' 

+ ipc {il'^d^ - //70 - TO + gAp^'^) ipc + fjip + ipr] + f]cipc + ^cVc] | j • (6) 
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Here, 



(7) 



and charge conjugate external fields rjc and rjc were defined analogous to Eq. (|^). Let us now introduce the 
SA^'cA^Z-component (Nambu-Gor'kov) spinors 



4- 



- I V 
Vc 



, H ={ri,Tjc) , 



and the SNcNf x 8iVcAf/-dhTiensional inverse propagator 



[Go]-H^,y) 



where 



[G±]-i(x,y) = (zj^dH ± M70 - rn.) S^^\x - y) 



(8) 



(9) 



(10) 



is the inverse propagator for non-interacting quarks (upper sign) or charge conjugate quarks (lower sign), 
respectively. Furthermore, denote 



rtt 



(11) 



Then, the generating functional (|^) can be written in the compact form 



Zm[A,H,H] 



M/2 _ f M/2 



(a;,y)*^(y) 



^ (g + i?,*, + ^IrHr 



(12) 



In this form, all reference to the chemical potentials /i/ has been absorbed in the inverse propagator (^). 
Therefore, the generating functional for QCD, Eq. ( |la| ) with (^2|), is formally identical to that at zero chemical 
potential. The apparent asymmetry introduced by a nonzero chemical potential fif has been restored by 
the introduction of charge conjugate fields; the associated charge conjugate propagator Gq appears on equal 
footing with the ordinary propagator Gq . 



III. THE GLUON SELF-ENERGY IN THE NORMAL PHASE 



The gluon self-energy is defined as 

n^A-i-Ag-i, (13) 

where A"^ is the resummed and Ag"^ the free inverse gluon propagator; for instance, in momentum space 
and in covariant gauge, 

l^oTbiP) - [p^g^" + ^ P^P''^ ■ (14) 

To one-loop order, the gluon self-energy receives contributions from gluon loops (through the 3-gluon and 
4-gluon vertices), ghost loops (through the ghost- gluon vertex), and quark loops (through the quark-gluon 
vertex) , 

Il = Iig+IiFPG+'Rq + 0{cf) . (15) 

Ilg and Ili^pG are independent of /i, effects from nonzero chemical potential enter only through Ilg. For 
dimensional reasons. 
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(16) 



with some constant a. 

The superconducting condensate melts when the temperature T exceeds the critical temperature Tc ~ 
0.57 00 §,1, where 00 is the magnitude of the superconducting gap at T = 0. In weak couphng QCD, 
(pQ ^ ^ exp(— CQco/ff) ^ M [p|-p|jll|-[l^ , and temperature effects can be neglected to leading order. This 
means that, for the temperatures of interest in this work, one can neglect the contributions from gluon and 
ghost loops to the gluon self-energy, and consider the quark contribution only, 11 ~ 11^. 

Due to the aforementioned similarity between the generating functional (p!a|), with the quark part (p^), 
and the one at zero chemical potential, it is not difficult to derive the quark contribution to the one-loop 
gluon self-energy. If there is no superconducting condensate, this contribution is 



nOab(a;,?/) = Y Tr,,c,/,7VG 



(17) 



Here, the factor M/2 arises from the fact that there are M/2 identical species of quarks described by 
spinors in Eq. (p^), which contribute to the gluon self-energy. In the following, set M = 1, to recover 
the original theory. The trace in Eq. (^^ is taken over 4-dimensional spinor space, A'^c-dimensional color 
space, iVy-dimensional flavor space, and the 2-dimensional space of regular and charge-conjugate spinors 
(Nambu-Gor'kov space). 

In the following, the self-energy (|lj) is evaluated in momentum space. Use will be made of translational 
invariance, 5o(a;, y) = Sq{x — y), cf. Eq. (Eo|), and of the Fourier transforms 



(18a) 
(18b) 
(18c) 



V 



K 



-^(5(4)(a;) = (5(3)(x)(5(T) = 



-iKx 



V ■ 



K 



JK-x _ ^ r(4) 



where = V J d'^k/(27r)^. Here, the quark propagator in momentum space is 







V G^iK) 



Then, the gluon self-energy in momentum space is 



(19) 



(20) 



As a warm-up exercise, and to confirm that the method of the Nambu-Gor'kov propagators indeed gives the 
correct answer, let us derive from Eq. ( po|) the standard hard-dense-loop (HDL) result [^,0 for the quark 
contribution to the gluon self-energy. To see the analogy to the computation in the superconducting phase, 
cf. Sec. IV, Eq. ( |20| ) will be evaluated in several steps. 



A. Trace over Nambu-Gor'kov space 

First perform the trace over Nambu-Gor'kov space. With Eqs. (0) and (|l|), one obtains 



J2 Trs,c,/ [r^^ G+ (K) ri; g+ {k - p) -f f ^ g^ {k) fi g^ (k - p)\ 



K 



(21) 
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B. Trace over flavor space 



The vertices and are diagonal in flavor space, 

{K)f, = Sf,K , {r^a)f, = Sf,K- (22) 

The free propagators are also diagonal in flavor space, but for ^ ^g, f ^ g, /, g € {1, . . . , iV/}, the 
diagonal components are in general not equal. To proceed, assume that all chemical potentials are equal, 
Ml = /U2 = • • • = Mat J. = such that 

{G^)fg^^S,G^ ■ (23) 

(For notational convenience, I am somewhat sloppy with indices here and throughout the rest of the paper: 
I use the same symbol, Gq , for the ANcNfXANc Nf matrix on the left-hand side of this equation and for 
the 4:NcX ANc matrix on the right-hand side.) Thus, the trace over flavor space simply gives a factor Nf, 

V (P) = ^ fl' ^/ I E Tr^.c [r;^ G+ {K) n G+ iK-P)+ T^, G, (K) ^ G, {K - P)] . (24) 

This expression is easily generalized to the case where the chemical potentials are not equal. Then, instead 
of the prefactor Nf one would have a sum over flavors /, where the value of the chemical potential in the 
propagators Gq in the /th term of the sum is equal to /i/. 

C. Trace over color space 

The free quark propagator is diagonal in (fundamental) color space, 

(G±)..=5,,G±. (25) 
The only nontrivial color structure thus arises from the generators of SU{3)c- On account of 

Tr,{Tan) = Tv,{Tanf = Tv,{T'^T^) = ^5ab , (26) 

one obtains 

noZ{P) = 5a,'^r{P), (27a) 

^""{P) = \9^Nf^Y. [r G+{K) Y Gl{K - P) + 1'' G-^(K) 7^ G-^{K - P)\ . (27b) 

K 



D. Mixed representations for the quark propagators 

To proceed, let us assume that the quarks arc massless, m = 0. Then, write the quark propagator as 

^o^(^)=E ';r^^;:f (28) 

where 

e^o = Im - ek\ , (29) 

and 

A£^^(l + e7o7-k) (30) 
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are projectors onto states of positive (e = +) or negative (e = — 1) energy. Now introduce a mixed represen- 
tation for the quark propagator, 

Gt (r, k) ^ T ^ e-'^or g-i (K) ^ f'^ dr e^^^ G± (r, k) . (31) 

^0 

After performing the Matsubara sum in terms of a contour integral in the complex fco plane, one obtains 



G+(r, k) = - 5] 70 { (1 - <o) W) - iV(e^o)] exp(-6^or) - [0(-r) - N{el^)] exp(e^o^)} , (32a) 

e=± 

Go (r, k) - - ^ 70 A£ { W) ~ A^(4o)] exp(-6^oT) - (1 ~ n^^) [^(-^) - ^^(4o)] exp(6^or) } . (32b) 

e=± 

Here, N{x) = (e^/^ + 1)-^, and 

nl, ^ fk±4^ (33) 

are the occupation numbers of particles (e — +1) or antiparticles (e = —1) at zero temperature. Conse- 
quently, 1 — n^Q are the occupation numbers for particle-holes or antiparticle-holes. 
Note that 

G±(-r,k) = -7oG;^(r,k)7o . (34) 
For < r < 1/T, one derives with 1 - N{x) = N{x) e^^^ 

G± (^i-r,k^ =-Go±(-r,k) , (35) 

the well-known Kubo-Martin-Schwinger relation for fermions p5| . 

Using the fact that = 6'(/i — efc), and N{x) = 1 — A^(— a?]7the propagators ( p2| ) can be cast into the 
more familiar form 

Go+(r,k) = -A+7o [0(r)-iV+(fc)] g-^'^-^)- + A^ 70 {B{-r) - Np{k)\ e('=+^)^ , (36a) 
Go-(r,k)=7oA+ [0(-r)-iV+(fc)] e^^^'')^ - 70 A^ {d{T)~Np{k)\ e-('=+^)^ , (36b) 

where Np{k) = iV(fc=p /x) is the Fermi-Dirac distribution function for particles (antiparticles). However, in 
view of the application to the superconducting phase in Sec. [V, it is advantageous to continue to use the 
form (11). 

Denoting Ki = K and K2 = K — P, one computes the expressions 

T^Tr, [7''G±(i^i)7'^Go^(A'2)] dr^ e'="-^+('=«-P°)-^ Tr. [7^ G± (n, ki) 7"- G±(t2, ka)] 

ko ka 

(37) 

as follows. To perform the Matsubara sum over fco, use the identity 

oc 



m— — oc 



valid for fermionic Matsubara frequencies, fco = — i(2n-|- 1)t:T. Since < n, r2 < 1/T in Eq. (p7), the delta 
function in Eq. ( |3^ ) has support only for m = 1, i.e., T2 — 1/T — ri. With the help of Eqs. ^) and (|35|), 
as well as e^"/-^ = 1 for bosonic Matsubara frequencies po = —i2mTT, one obtains 

T^ Tr, [7^ Go±(i^i) Y GUK2)] = ~ dr e^^^ Tr, [7" G^{t, ki) Y 7o Go^(r, k^) 70] • (39) 

I... Jo 
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One now inserts the expressions (p^), and integrates over r. Putting everything together, one obtains for 
the gluon self-energy: 



ei,e2=± 



n?(l- 




(1 - 715)71^ 


Po + e? 




Po - - e°2 


(1-n? 




n\ (1 - nO) 


Po + e? 


^4 





„o 

2 



r^''(ki,k2) 



IT (1-^1-^2) + 



Po - ef 



^0 ^0 



I ^0 



Po + e;-e^ 



(1 - n?) (1 - nl) 



Po 



e? + e" 



Po 



(^?-^2°) 



(iV0-7V°) 



Here, 



±62 \ 

k2 / ' 



T±^^(ki, k2) ^ Tr, (70 7'^ A±f^ 70 7"^ A 
and I introduced the somewhat compact notation 

iVf ^ iV(6°) 



„0 ^ 

kiO ' "4 — "kiO ' 



(40) 

(41) 
(42) 



An (appropriately generalized) expression of the form ( [40D will also appear in Sec. [V, when the self-energy 
is computed in the superconducting phase. In the normal phase, however, one can use = 9{ii — e^fci) to 
show that 



(1 - n?) - (1 - nO) {0(eO 7V+(fcO -f ^(-6,) [l - (fc,)] } 
(1 - 71°) (1 - iVO) = (1 - n°) {0(e,) [l-7V+(fc,)] +e(-e,)AfF(fc.)} , 
ri^iVO^nO {%,) [l-7V+(fc,)] +^(-e.)^;^(fc.)} • 



(43a) 
(43b) 
(43c) 
(43d) 



Equation 



then simplifies to 



no'"'(P) = ^5'A^/ 



(2^ 



E 

ei ,e2 = ± 



Tr(ki,k2) 



T^''(ki,k2) 



Po — ei fcl -I- 62 ^2 Po + ei fci — 62 



l^i) [l-iV+(fci)] +0(-6i)7V^ (fcl) -0(62) [1- Af;:(fc2)] -e(-e2)iV^(fc2)} . (44) 



E. Trace over spinor space 

The traces (|l|) are best computed for temporal and spatial components separately, 

- 1 + 6162 ki • k2 , (45a) 
^ = ±61 fci ± 62 fc^ , i = x,7/,z, (45b) 
= (^1 - 6162 ki • k2) + ei62 (fci kl + H ^2) : i,j = x,y,z . (45c) 

Equation (|o|), or Eq. (^^, together with Eqs. (^5|), completes the computation of the quark contribution to 
the gluon self-energy to one-loop order in the normal phase. At temperatures T ^ /i, this is the dominant 
contribution to the gluon self-energy. In the following, I study the so-called hard-dense-loop (HDL) limit. 



F. The HDL limit 



To derive the HDL limit, it is advantageous to shift the integration over 3- momentum in Eqs. (^^ or (^), 
k ^ k -I- p/2, such that ki = k -I- p/2 and k2 = k — p/2. The HDL limit is obtained by taking poiP to be of 
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order gn ("soft"), while k is of order ("hard") ||T^. As the gluon self-energy (^ ) is already proportional to 
5^, it is permissible to compute the integral in Eq. ( pO| ) to order 0{p^). However, since some of the energy 
denominators are of order 0{p), one has to keep terms up to order 0{p) in the numerators, too. For the 
traces (Esl) one then obtains 



~ 1 + 6162 + of|J) , (46a) 



= Ti° ~ ±(6i 



62) ± (61 - 62) [S'' - U y) ^ + (^^^ , (46b) 



~,5'Ml-6ie2) + 2 6ie2fc'fc-'+0(^|2j • (46c) 
In the following, the temporal and spatial components of the gluon self-energy are evaluated separately. 



(i) /i = J/ = 0: In the HDL limit, Eq. (46a) shows that only particle-particle (61 = 62 = +1)7 or 
antiparticle-antiparticle (ei = 62 — —1) excitations contribute to the electric components of the gluon 
self-energy. In this case, only the difference ki — k2 occurs in the energy denominators in Eq. (|44|), which, 
in the HDL limit, is 

fci - fc2 ~ p • k . (47) 
In the numerators, the difference of the thermal occupation numbers is 

iV±(fci)-7V±(fc2)^p-k^^^^. (48) 



Equation (M) with Eq. (46a) then yields 



dN+{k) dNp{k) 
dk dk 



(49) 



With some effort, one can also do the integration over k exactly for all temperatures and chemical 
potentials [T^ ]. In this case, the final answer encompasses not only the hard-dense-loop limit, but 
also the "hard-thermal-loop" (HTL) limit. That much effort is, however, not necessary in the present 
case. For superconductivity, one is interested in temperatures of the order of the zero-temperature gap, 
T ^ 00 ~ A* exp(— cqcd/^) ^ A*- On this basis it was argued above that contributions from the gluon and 
ghost loops to the gluon self-energy can be neglected, as they are ~ g^T^, while the dominant contribution 
from the quark loop is ~ g^fJ-^- 

In essence this means that effects from nonzero temperature can be neglected to leading order. Conse- 
quently, 

dN+jk) deit,-k) dN^jk) dejk + f,) 

From the physical point of view this is an important relation: only quark excitations at the Fermi surface 
contribute to the gluon self-energy. 

With these approximations one obtains the well-known result 

nr,p,.-3,„j/^2(,__^), 

where dSl is the integration over solid angle and 

ml^g'^t^' (52) 



is the gluon mass at T = 0. Equation (|l|) remains valid in the HTL limit, when Eq. ( p2| ) is properly 
generalized to nonzero temperature fl^ ]. 
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In the static limit, po = 0, the dependence on p vanishes, and one simply has 

no°"(o) 

the usual result for Debye screening. 



o 2 



(53) 



(ii) fi ~ 0, ly ~ i: For Ho"*, one concludes from Eqs. (44) and ( [46bD that particle-antiparticle excitations 
are at least of order 0{p^), i.e., to leading order in the HDL limit only particle-particle or antiparticle- 
antiparticle excitations contribute to the gluon self-energy. Then, with Eqs. (E^) and (Eq) one obtains 



(27r)3 -f p . k 



dN+{k) dNp{k) 



dk 



dk 



For the temperatures of interest, one can again make the approximation (|5y) to obtain 



no°X^) 



-3mt. / — 



dfl Po fc' 



47r p . k 



(54) 



(55) 



which coincides with 
In the static limit. 



no°'(o)~o . 



(56) 



(iii) fJ, = i, V = j: For Ho'-', Eq. (46c) shows that not only particle-particle (ei = 62 = -1-1) and 
antiparticle-antiparticle (ei = e2 — —1) excitations contribute, as for the other components of IIq'^'', but 
also particle-antiparticle (ei = —62 = ±1) excitations. In the former, one encounters again the difference 
of momenta ( ^7| ) and thermal occupation numbers (^8|). In the latter, however, the sum of momenta and 
thermal occupation numbers occurs. To leading order in p, 

ki+k2~2k , N^{ki)+Np{k2)~2N^{k) . 



(57) 



Then, 



no''iP)^g^Nf 



(2^ 



fc' fcM 1 - 



Po 



dN+{k) 
dk 



dN^ik) 



Po + P • k 

i[l-7V+(fc)-iV^(fc)] 



dk 



(58) 



The 1 in the last term is an ultraviolet-divergent vacuum contribution and has to be removed by renormal- 
ization. The angular integration can be performed for the parts which do not depend on p, J (dil/An) fc* k^ = 
S^3. One then realizes after an integration by parts that the p-independent part of the first line in Eq. 
( pq ) cancels the second line, 



Uo'^iP)^-g'Nf 



d^k 



Po 



(27r)3 PO + P • k 
With the gluon mass (p3) this can be written in the form 



dN+{k) dNp{k) 



dk 



dk 



no'^(P)~3TO2 



An 



Po 



Po + P ■ k 

which is the standard result ||l5|. Static magnetic gluons are not screened, 

no'^(o)~o . 



(59) 



(60) 



(61) 
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IV. THE GLUON SELF-ENERGY IN THE SUPERCONDUCTING PHASE 



In the superconducting phase, the ground state is a condensate of quark Cooper pairs, {ipc 4') 0- As 
was shown in , in mean- field approximation the quark propagator ( [l9| ) becomes 



S(K)-f ^^^^^ 
^y^>-y E+{K) G-{K) 



(62) 



where the quasiparticle and charge conjugate quasiparticlc propagators are 

= {G^ - Y.^y^ , S± = $=FGT$±. (63) 

is the quark self-energy generated by exchanging particles or charge conjugate particles with the con- 
densate. For E+, a particle annihilates with an antiparticle in the condensate ^ (ipcip), and a charge 
conjugate particle is created. This charge conjugate particle propagates via Gq , until it annihilates in the 
condensate $^ ^ {ip "ipc) with a charge conjugate antiparticle, whereby a particle is created The meaning 
of can be explained analogously, except that the roles of particles and charge conjugate particles are 
interchanged. 

The off-diagonal components of the quark propagator ( |6^ are 

S± EE -GJ G± . (64) 

The physical interpretation is that particles (charge conjugate particles) annihilate with an antiparticle (a 
charge conjugate antiparticle) in the condensate, upon which a charge conjugate particle (a particle) is 
created. 

In mean-field approximation, the condensate obeys the gap equation 1^,^,^ 

il<) ^ -5' f E {K-Q)KE+{Q)n , (65) 
Q 

and $~ can be obtained from 

$-(if) = 7o[$+(X)]So . (66) 

The solution of the gap equation (|65| ) has been extensively discussed in . 
The gluon self-energy ( pO| ) becomes 

Kb in^lg'^T. Tr.,c,AiVG \K S{K) n S{K P)] . (67) 

As in the normal phase, this expression is computed in several steps. 

A. Trace over Nambu— Gor'kov space 

The trace over the 2-dimensional Nambu-Gor'kov space is readily performed with Eqs. ( pT| ) and (|62[), 

Kt (^) = ^ 5' S E [r;^ G+ {K) n G+ {K-P) + f G- (K) f G-(K-P) 



2^ V ^ 



+KE-{K)r-^E+{K-P)+r^,E+{K)r^,E-{K-P)] . (68) 



When the temperature approaches the critical temperature, T — > Tc, the condensate melts, $ — > 0, i.e., 
2=*= — > and G"^ Gq, and the gluon self-energy assumes the form of the normal phase, 11'^^ ^Oab^ 



which was discussed in the previous Sec. HI. 
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B. Trace over flavor space 



For a condensate with total spin J — and Nf — 2, the condensate is totally antisymmetric in flavor 
space §, 

where use has been made of ej^ ~ egf — —£fg- Consequently, since the free quark propagator is diagonal in 
flavor space, the quark self-energy is also diagonal in flavor space, 

(^^)/. = (*^)/.. (*^)™. = = • (^0) 

Then, also the quasiparticle propagator is diagonal in flavor space, 

{G^)jg^&f,G^ . (71) 
On the other hand, the off-diagonal components of S are antisymmetric in flavor space. 

As the vertices and F{^ are flavor-blind (proportional to the unit matrix in flavor space), the trace over 
flavor space in Eq. (^8|) results in 

KliP) = ^ 5' ^/ I E [r;^ G+{K) Tl G+{K -P) + f>^ G~{K) fl G-{K P) 

+F^s-(7^)f;;s+(i^-p) + f^s+(i<r)F;;s-(i^-p)] , (73) 

where, of course, Nf = 2. 

C. Trace over color space 

A Nf = 2, J = condensate is also totally antisymmetric in color space [Q, 

M.,— ±^^.-3$^ , (74) 

where use has been made of e^g = = a-nd where a global color rotation has been performed to 

orient the condensate into the (anti-)3-direction in color space. (The notation is again sloppy: the "3" is 
actually not a triplet, but an anti-triplet index.) 

The free quark propagator is diagonal in color space, so that one computes for the quark self-energy: 

(S^)., - (*^).. {G^)u = ^^-^3 6.,3 'f^ $± = (5., - <5.3 5,,) E± . (75) 

This result is physically easy to interpret, remembering the above discussion of how the quark self-energy 
arises. Quarks with color 3 do not condense, consequently there is no antiquark in the condensate which a 
color-3 quark could annihilate with. Thus, color-3 quarks do not attain a self-energy 
The color structure of the quasiparticle propagator is therefore 



(G±)^^. = [5,, ~ 5a 5jz) G± + 5^ 5,3 G^ . (76) 
For the off-diagonal components of S one then finds 

(-^),- - (Gf ('i>^).. [G^),, - ±e.,3 S± . (77) 

One now computes the trace over color space with the explicit form of the Gell-Mann matrices. After a 
somewhat tedious, but straightforward calculation one obtains for a = = 1, 2, 3: 
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(P) = \9'Nf^Y. G+ {K) 7^ G+ {K-P)+ ^ (K) Q- (K - P) 

K 

+7^ S- {K) Y S+ {K-P)+ 7^ S+ (i^ ) 7^^ S- {K-P)] 

for a = & = 4, 5, 6, 7: 

ni'I (P) - ^ 5' A^/ ^ E [7^ G-o+li^) Y G+{K -P)+r G+{K) 7^ G+(if - P) 

+7'^ Go (K) 7^ G- (i^ - P) + 7^^ G- (K) 7^^ Go (if - P)] 



{78a) 



(78b) 



and for a ^ b = 



1 ~, 



IL^^{P)^-Uo'^''{P) + -Il^^P) , 



n"'' (P) = 1 3' ^/ f E [7^ G+ (if) 7"^ G+ (if - P) + 7'^ G- (if) 7" G- (if - P) 

-7*' S- (if) 7"^ S+ {K-P}- 7^ S+ (if) 7^^ S- (if - P)] 



(78c) 



where IIo^'' is the gluon self-energy in the nor mal phase, Eq. ( p7b| ). 

Apart from the diagonal elements (78a) - (78c), after performing the color-trace one also finds the ofF- 
diagonal elements 

n^^^P) = -n^I(P) - n^^^iP) = -ut}^,iP) ^^^^•'{P) , 

fl'^'^iP) ^^g^Nf^Y. [7^ Go+(if ) 7"^ G+(if - P) - 7^ G+iK) Y G+{K - P) 



-7^ Go- {K) Y G- {K-P)+ r G- (if) r Go (if - P)] 



(78d) 



The occurrence of these ofF-diagonal elements bears no special physical meaning. It simply indicates that 
the inverse gluon propagator is not diagonal in the original basis of adjoint colors. For instance, in the 
(45)-subspace of adjoint colors has the form 



An 



n. 



44 



This hermitean matrix is easily diagonalized by the unitary matrix 



1 



1 -i 



In the new (diagonal) basis of adjoint colors, 

Ao^ + n44 + n 



Ao^ + n44-n 

Similar arguments hold for the (67)-subspace. Therefore, rotating into the new (diagonal) basis, 

n44 + n = Hoe + n ^ n44 = ngg , 044 - n = nee - n ^ = Ujj . 

In the following, only these diagonal gluon self energies will be considered. They read explicitly 
n^I (P) = 1 3' I E [7^ G+ (if) 7^^ G+ (if - P) + 7^^ G- (if) r Go {K-P)] , 



K 



n^5 (P) - J 3' ^/ ^ E [7^ G+(if) 7^^ Go+(if - P) + 7'' Go-(if ) 7"^ G-(if - P)] 

K 



(79) 
(80) 

(81) 

(82) 

(83a) 
(83b) 
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Remembering the exphcit form of the Gell-Mann matrices, the results ( 78a ), (78c), and ( ^3|) are simple to 
interpret. Gluons of adjoint colors 1, 2, and 3 see only quarks in the condensate, with fundamental colors 
1 and 2. Their self-energy has therefore contributions from the diagonal (G*), as well as the off-diagonal 
(S^) components of the quark propagator (p^. 

Gluons of colors 4 and 5 "see" the uncondcnscd quark with fundamental color 3, but also the condensed 
quarks of color 1. Analogously, gluons of colors 6 and 7 see the uncondensed quark and the condensed quark 
of color 2. Therefore, the fermion loop in the self-energy contains one free propagator Gq , corresponding to 
the uncondensed quark, and one quasiparticle (charge conjugate quasiparticle) propagator G^, corresponding 
to the quark in the condensate. As there is no way to annihilate a color-3 quark in the condensate, there is 
no contribution from the off-diagonal components of Eq. (62). 

Finally, gluons of color 8 see the condensed quarks of colors 1 and 2, but also the uncondensed color-3 
quark. The contribution to the gluon self-energy from the latter is equal to that in the normal phase, Hq^'^ , 
the factor 2/3 comes from the (33)-element of T^. Apart from the prefactor 1/3, the contribution from the 
condensed quarks, IT'''', looks similar to , except that the sign of the last two terms is different. As will 
be seen below, this difference is important to keep gluons of colors 1, 2, and 3 massless, while the eighth 
gluon becomes massive. Note that, for QED, F^ — > F^ = —7^, 9 ^ s. Thus, for Nf = 2, the contribution 
from the condensed quarks to the self-energy of gluons of color 8, 11'"', is exactly je^ of what one expects 
for the photon self-energy in an ordinary superconductor. 



D. Mixed representations for the quark propagators 

For m = 0, the quasiparticle propagator can be written in terms of chirality and energy projectors 

where Vr,i = (1 ± 75)/2 are chirality projectors (the notation —h stands for £, ii h = r, and r, ii h = £). The 
quasiparticle energies are 



el{<j>l) EE .^(^ - efc)2 + |0^J2 , (85) 

where 0^ is the gap function for pairing of quarks (e = +1) or antiquarks (e = — 1) with chirality h. 

An analysis of the gap functions in mean-field approximation shows that left- and right-handed gap 
functions differ only by a complex phase factor, 

(/)^ = 0" exp(i 6*'=) , (jij^-cf)" e^pi-iO") , (86) 

with (p'^ e R. Moreover, the phase factor is independent of the energy projection, 9^ ~ 6^ = 6. Conden- 
sation fixes the value of 6, and breaks the ?7yi(l) symmetry (which is effectively restored at high densities) 
spontaneously, li 9 = or 7r/2, condensation occurs in a spin-zero channel with good parity, = 0"*" or 
= 0~, respectively. For 9 0, there is always a = 0~ admixture, thus condensation breaks also 
parity |0,|l^. For the sake of simplicity, in the following we only consider 9 — 0. 

From Eq. (^), |(/)^| = |0^| = <p^, and the sum over chiralities in Eq. ( p4[ ) is superfluous. Writing the inverse 

free propagator as [Gq (/-iT)] — [feg T (a^ — efc) =F 2 efc AJ'^] 70, Eq. ( p4[ ) can be brought in the form 

G-W-E^lJ^Aj^7o, (87) 

which should be compared with Eq. (p8|). Obviously, all that has changed is that the free quark excitation 
energies (|9|) have been replaced by the quasiparticle excitation energies (^), e^Q = 6^(0'^). 

After realizing this, by comparison with Eqs. ( ^2[ ) one can immediately write down the mixed representation 
for the quasiparticle propagators. 



G+(r, k) = - ^ A£ 70 { (1 - [0{t) - N{et)] exp(-4r) - [9{-t) - N{e^^)] exp(6^r)} , (88a) 

e=± 

G- (r, k) = -J2loK{K m - Niel)] exp(-e^T) - (1 - <) [0(-r) - N{ei)] exp(e^T) } . (88b) 



e=± 
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Here, 

^_iH_^ (89) 

are the occupation numbers for quasiparticles (e = +1) or quasi-antiparticles (e = — 1) at zero temperature 
Consequently, ^ — are the occupation numbers for quasiparticle holes or quasi-antiparticle holes. 
Due to the presence of a gap cj)'^ in the quasiparticle excitation spectrum, these occupation numbers are no 
longer simple theta functions in momentum space, as in the noninteracting case; the theta functions become 
"smeared" over a range (j)'^ around the Fermi surface (cf. Fig. 2 in [^). The relations (|4|) and ( ^5| ) are 
also fulfilled by G'±(t, k). 

From a comparison of Eqs. ( |8^ ) and (^2|), one can immediately deduce from Eq. (|4^) the result for the 
traces Tr^ [7'' G±(A') -/"G^iK - P)], Tr^^y^ G^iK) YG^{K - P)] , or Tr^ [7^ G^iK) YG^{K ~ P)] . All 
one has to do is replace 

^ e, = e^; , -> = n^; , ^ N, = 7V(e,) , (90) 

when a propagator occurs in place of Gj^ . 

One also needs a mixed representation for the off-diagonal components of S{K). First, write 'E.^{K), Eq. 
(|6^, in terms of projectors, 

="w--EE/f^^-v , s-w = -EEi^^''A^ (91) 

As in assume that (?!>^(fco) has no poles or cuts in the complex fco-plane and that (t)'f^{ko) — 0|(— fcg). In 
this case, one obtains the mixed representations 

S+(r,k) ^-'^ ^k'^ ^^1^ { - N{ei)] exp(-4r) + [0(-r) - A^(e^)] exp(e^r)} , (92a) 

h=r,le=± k 

S-(r,k) = E E ^k i^^^M! { _ Ar(4)] exp(-e^r) + [0(-r) - 7V(e^)] exp(e^r)} . (92b) 



;i=r,f e=± 



Note that the energy in the gap functions 4>% is on the quasiparticle mass shell, ko = ±e^. 
The traces in Eqs. ( [78|) involving are now straightforwardly computed as 



r^Tr,[7^ST(i^i)7'^S±(A'2)] = ^ Z^r(ki,k2). 



. 4 6162 

feo ei,e2 = ± 

^ ^ ^ (1 - A^i - iV2) - f — — ) (iVi - A^2) 



(93) 



,Po + ei+e2 Po-ei-e2/ VPo - ei + £2 Po + ei-e2, 

where iCi = K, K2 = K — P, as before, while 

0, =0^'(e„kO , (94) 

and 

Z^r(ki,k2)^Tr47''A±^^7'^Aj;^] . (95) 

On account of Vh 7^ = 7^ "P-Zi and Vr Ve = 0, the sum over chiralities hi and /i2 originating from the mixed 
representations ( |92| ) could be performed trivially. 
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Putting everything together, the self-energy for gluons of color 1, 2, and 3 is 



(27r)3 

^ ' ei,e2=± 

ni (1-712) (l-ni)n2 



Po + ei + £2 


Po - ei 


-£2 


(1 - ni)n2 


ni(l- 


"2) 


Po + ei + £2 


Po - ei 


- £2 


1 


1 




Po + ei + £2 


Po - ei 


- £2 



(1 - - 7V2) + 
+ ri"'(ki,k2) 

(1 - iVi - iV2) + 



(l-ni)(l-n2) nin2 



Po - ei + £2 Po + ei - £2 
nin2 (1 - m) (1 - 712) 



- [ZYf (ki,k2)+ZYr(ki,k2)] 



Po - £1 + £2 Po + £1 - £2 

^1 '/'2 



(iVi - A^2) 



4ei e2 



(1 - iVi - iV2) 



1 



Po - £1 + £2 Po + £1 - £2 



(iVi - N2) 



(96a) 



for gluon colors 4 and 6, 



nOT = 4^'^//(0 E {^r(ki,k2) 



ei,e2=± 

n" (1 - 712) (l-n")n2 



Po + £? + £2 Po - £? - £2 



(1 - - N2) + 

+ Tr(ki,k2) 



(l-n;)(l-n2) 



Po - £? + £2 Po + £1 - £2 



(iVO - ^2) 



(l-ni)n^ ni(l-n^) 



^ (l-7Vi-7V2°) + 



^Po + £1 + £2 Po - £1 - £2 
for gluon colors 5 and 7, 

n^5(p) = -j5^A^//70 E {^r(ki,k2) 

ei,e2=± 



ni 



(l-ni)(l-nO) 



Po - £1 + £2 



Po + £1 - £■ 







ni(l-n^) (l-ni)n^ 



Po + ei + Po - £1 - £5 



y (1 - iVi - TV") + 
+ Tr(ki,k2) 



(1 — ni) (1 — 122) til 712 



(1 -n;)n2 _ n" (1 - n2) 

Po + £? + £2 po - £? - £2 



(1 - - N2) + 



Po - £1 + el Po + £1 - £2 

n\ n2 (1 - n\) (1 — 712) 



Po - £? + £2 Po + £? - £2 



o)(^l-^2) 

{N^ - N2) 



, (96c) 



and for gluon color 8 



ei,e2=± 

'^i(l-"2) (l-ni)n2 



Po + £1 + £2 


Po - £1 


-€2 


(1 -ni)n2 


ni(l- 


"■2) 


Po + £1 + £2 


Po - £1 


-£2 


1 


1 





{1-Ni- N2) + 
+ Tr(ki,k2) 

{1-Ni~ N2) + 



(1-ni) (1-712) nin2 



Po - €1 + £2 Po + £1 - £2 
nin2 (1 - ni) (1 - 712) 



vPo + £1 + £2 Po - £1 - £2 



+ [ZYr(ki,k2)+ZYr(ki,k2)] 



(1 - TVi - iV2) 



Po - £1 + £2 Po + £1 - £2 

^1 02 



(A^i - N2) 

(iVi - iV2) 



4£l £2 



Po - £1 + £2 Po + £1 - £2 



(^1 - N2) 



. (96d) 
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E. Trace over spinor space 



The traces have been computed in Sec. [HE, What remams to be done is to compute Ul^ . One finds 



u. 



4° 



(97a) 
(97b) 
(97c) 



In the following, the results for the different components of the gluon self-energy in the superconducting 
phase will be collected. 



(i) fi = h' = 0: Defining 



F. Gluons of color 1, 2, and 3 



— 6; ki fl 



(98) 



the self-energy of electric gluons of color 1, 2, and 3 is determined from Eqs. (|4^), (96a), and (97a) as 



nW(P) = 



/(^ E (l + eie2ki-k2) 



ei ,62 — ± 



1 



1 



Pa + ei + 62 po - ei - £2 
1 1 



po - ei -I- 62 po + ei - £2 



(1 - TVi - N2) 



ei £2 - 6 6 



»1 <i»2 



2ei 62 

ei £2 +66 + '/'I </'2 



2 £162 



(99a) 



(ii) ^ = 0, I' = i: For the (Oz)-components of the self-energy of gluons with colors 1, 2, or 3 one ob- 



tains 



^ ' ei,e2=± 



1 



1 



(1 - TVi - iV2) ( ^2 ^ 

Po + £i+£2 Po-£i-£2y V2e2 2ei 



Po - £1 + £2 Po + £1 - £2 







V2<i 


2627. 



(99b) 



(iii) n = i, V = j: The self-energy of magnetic gluons of colors 1,2, and 3 is 



1 



j E ['^'' (1 - ^1^2 kl • k2) + 6162 (k\ H + ki kl 



ei ,e2=± 



1 



1 



Po + £1 + £2 Po - £1 - £2 

1 1 



Po - £1 + £2 Po + £1 - £2 



(1 - A^i - N2) 
{Ni - N2) 



£1 £2 -66 + 4>1 02 
2£l£2 

£1 £2 + 66- 01 02 



2£l£2 



(99c) 
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G. Gluons of color 4 and 6 



(i) /i = i/ = 0: Using the symmetry of Eq. ( |96h| ) under ki <-> — k2, ei <-> 62, the self-energy of electric 
gluons of colors 4 and 6 can be written as 



(2^)3 



(1 + 6162 ki • k2) 



i?(l-n2) {l-n\)n2 



Po + ei + £2 Po - e 



1 - £2 / V Po - e" + £2 



n2 



po + ei - £2 



(iV° - iV2) 



(100a) 



(ii) /i = 0, = i: The same symmetry arguments lead to 

(1 - "2) (1 - n\) ^ ,,0 ^ ^ (1 - n") (1 - ^2) 



Po + ei + £2 Po - Ci - £2 



po - ei + £2 



n2 



Po + ei - e2 



(A^? - N2) 



(100b) 



(iii) n = i,v=j: 



For the self-energy of magnetic gluons of color 4 and 6 one obtains 



J E ['^^'(1 " ^1^2 kl • k2) + 6162 (fci fc^ + M 



ei,e2=± 

n;(l-n2) (l-n;)n2 



.0 







Po + ei' -h e2 po - ei - e2 



(1 - iV° - N2) + 



(1 - n?) (1 - na) n;?i2 
Po - e1 + £2 Po + e? - e2 



(iV? - iV2) 



(100c) 



H. Gluons of color 5 and 7 



(i) II — — 0: Again using the symmetry of Eq. (96c) under ki ^ — k2, ei <-> 62, the self-energy of 
electric gluons of colors 5 and 7 can be written as 



J E (l + eie2ki -^2) 



ei ,e2=± 



(l-nP)n2 n;(l-n2) 
+ e? -I- e2 Po - e? - e2 



(1 - N° - N2) + 



n\ 712 



Po - e? + e2 



(1 - n\) (1 - 712) 
Po + e? - e2 



(iV? - N2) 



(101a) 



(ii) n = 0, ly = i: 



The (Oi)-components are 

/ E (^1^1+^2^^) 



ei,e2 = ± 



(l-n?)n2 ^0(1-712) 



^0 







Po + ei + 62 Po - ei - £2 



(1 - - iV2) + 



n2 



Po-e? 



e2 



(l-n°)(l-n2) 
Po + e? - e2 



{N? ~ N2) 



(101b) 



(iii) /i = i, = j: 



For the self-energy of magnetic gluons of color 5 and 7 one gets 
d^k 



Ti'i,{P) = -\g^Nf I ^ E ['5^^(l"eie2ki-k2) + eie2 (fcifc^ + Mfc^ 

^ "''^ ei,e2=± 



(l-n?)n2 71? (1-712) 



,Po + e? e2 Po - e? - e2 



(1 - - N2) + 



n?7i2 (1 - 71?) (1 - 712) 



Po - e? + e2 



Po + ({ - e2 



(iV° - iV2) 



(101c) 
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I. Gluons of color 8 



(i) 11 = V = {]: For H^'^ one obtains 
1 



I 5]^(l + eie2ki.k2) 



1 



1 



1 1 



Po - £1 + £2 Po + ei - (2 



[l-Ni- N2) 



ei £2 - 6 6 



2 €162 

ei £2 +66- 01 02 



2£l£2 



(102a) 



(ii) /X = 0, V = i: For 11 one simply has 



n"'(P) EEn*(F) . 



(102b) 



(iii) /i 



The magnetic components are 



ff^ (P) = -i g2 AT^ /■ ^ ^ [^^^ (1 _ e,e2 ki • ks) + eie2 (fc^ fc^ + %{ ^2 

^ ei,e2=± 

£1 £2 - 6 6 - 01 02 



1 



1 



Po + £1 + £2 Po - £1 - £2 

1 1 



Po - £1 + £2 Po + £1 - £2 



(1 - A^i - N2) 
[Ni - N2) 



2£l£2 
£1 £2 +66+ 01 02 



2£l£2 



(102c) 



Equations (99) - (102) are the central result of this work. Starting from these equations, one can derive 
explicit expressions for the gluon self-energy in a two-flavor color superconductor for arbitrary pq and p. As 
a first step, in the remainder of this work I compute the color-electric (Debye) screening mass, as well as the 
color-magnetic (Meissner) mass. These are obtained from the gluon self-energy in the static limit, po = 0, 
for p — > 0. Then I compute the self-energy for po = 0, but p 3> 0o- 



V. DEBYE SCREENING AND MEISSNER EFFECT 



In the following, I shall always assume that antiparticle gaps are small, 



1 







0, and consequently that 

(103) 



Therefore, thermal antiparticle occupation numbers and their derivatives will be neglected. As in the previous 
section, the different color sectors will be discussed separately. 



A. Gluons with colors 1, 2, and 3 

(i) /i = 1/ = 0: I show several calculational steps in greater detail to illustrate the main approximations 
used throughout the following. For po — Oi P — ^ Oi k2 ^ ki = k, and only particle-particle (ei = 6 2 = +1), 
or antiparticle- antiparticle (ei = 62 = — 1) excitations c ontrib ute in the sum over ei and 62 in (f)9a|). This is 



very similar to what happens in the HDL limit, cf. Sec. [II F. Furthermore 



£1 £2 -66- 

2£l£2 



£1 £2 + 6 6 -^ 

2£l£2 



(104) 
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In the hmit k2 — > ki, (A'^i — A^2)/(ei — £2) dN/de, and neglecting the variation of iV(ej.), as discussed 
above, one obtains 

n»(o,.44tr...«. ,105) 

As the thermal occupation number varies appreciably only close to the Fermi surface, it is permissible to 
approximate A:^ ~ /z^, and to restrict the k integration to the region < < 2/x. Introducing the variable 



£, = k~^jL, (106) 



one obtains with Eq. (m) 



^' d^ 

2r ^ogjj2 (^^^2 +02/2r) 



n;;(0)c.-3m^ / ^ ^ (107) 



Now change variables to ^ = ^/2T, and remembering that /i 3> '^-^ T, send the upper limit of the integral 
to infinity, 

n;°(0) ^ -3 m] / dC ^ ^„ . (108) 

Jo cosh-" + {4>/^TY 

This expression has two interesting limits. For T — > 0, the integrand becomes zero everywhere, and 

T-^0: n;?(0)^0. (109) 

At zero temperature, static, homogeneous electric fields of colors 1, 2, or 3, are not screened. 
The other limit is when T Tc, and 0^0. Then, as d(/ cosh^ C = Ij 

T ^ : n?;(0) ^ -3to2 = no"°(0) . (110) 

As expected, n]'5(0) approaches the value in the normal phase, Eq. (|53|). 

The interpretation of this result is the following. From the explicit form of the Gell-Mann matrices it is 
clear that gluons of adjoint colors 1, 2, and 3 "see" only quarks with fundamental colors 1 and 2. However, 
at T = 0, all these quarks are bound in Cooper pairs to form a condensate of fundamental color (anti-)3, 
to which these gluons are "blind". Hence, at T = the color superconductor is transparent with respect 
to these color fields. There is nothing which could screen these fields, thus there is no Debye mass for the 
gluons of colors 1, 2, or 3. Of course, this holds only in the limit po — 0, p ^ 0, because only then are the 
gluons unable to resolve the individual quarks (with colors that can be "seen") inside a Cooper pair. 

When T is nonzero, quasiparticles are thermally excited, and screening sets in. As T approaches Tc, the 
condensate melts completely, and all quarks with the right colors to screen gluon fields with colors 1,2, and 
3 are freed. Then, the gluon self-energy approaches its value in the normal phase. 



(ii) n = 0, I' = i: From Eq. ( |99b| ) it is clear that 

n°i(o,p) = o. (Ill) 

This is similar to the normal phase in the static limit, Eq. (^). 

(iii) ^ = i, v ^ j: As in the HDL limit, the magnetic components of the gluon self-energy receive con- 
tributions not only from particle-particle and antiparticle-antiparticle, but also from particle-antiparticle 



excitations. With Eq. (|T0§) and / dflk' ^ /{An) = 6'^ /i, one obtains from Eq. ( |99c^ 



n- (0) - l^Tdkel^ tanh ('-^\- ^ 

^ 4[l-jV(6+)](l-n+) AN{e+)n+ 2 



(112) 
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where the last term was added to subtract the (UV-divergent) vacuum contribution, and where 4>^ 
0+(4.k). 

At zero temperature, and after an integration by parts {dn^/dk — — [(/>k]^/2 [^k]'^); 



ns(0).^«£^|"*.-^ii-<,i-,,i) . (113) 

The term — n^) is proportional to [0^]^- The momentum dependence of the gap function is (p^ = 

^0 sm{gxk) |,§, where g = g/{3V^Tr) and a;k ^ ln[2&^/(e+ + |^|)], with ^ defined in Eq. ( |l06| ) and b = 
256 7r''[2/(A^/(7^)]^/^. The gap function peaks at the Fermi surface, and is smaU far away from the Fermi 
surface. Therefore, the region k > 2 fi can be neglected. 

In the remaining integral over the region < fc < 2/z, take fc ~ /it in the slowly varying factor k/^e^ + k+ij), 
and change the integration variable to ^: 



(114) 



Inserting the solution of the gap equation (including the momentum dependence), and changing the inte- 
gration variable to x = ln[2fe/i/(ej^ +01; this integral can be solved analytically. However, it turns out that 
this is unnecessary, if one only wants to know the parametric dependence on the gap and the QCD coupling 
constant in weak coupling, g <C 1. One can simply neglect the momentum dependence of the gap function, 
and approximate (j)^ by its value at the Fermi surface, </)o, to obtain 

nl^(0)c.<5»^ m^^ln(^) . (115) 

As 00 M exp(— CQco/ff), formally of order ~ g(j>Q. To this order, I cannot exclude that there are 

cancellations from other terms I have neglected (for instance the antiparticle gaps). To leading order, the 
result (115) is therefore consistent with n^-']^(0) ~ 0. 



Finally, as T —> Tc, an integration by parts shows that the expression ( |112| ) approaches the HDL limit, 
Eq. (|l|). 

B. Gluons with colors 4 and 6 

(i) ji = V = 0: For po = 0, p — *■ 0, and with the approximations ( |103D , Eq. ( |100aD becomes 

n™(0)^-4^ Hdke [N+{k)-N{ei)]+^ [l-7V+(fc)-iV(4)]j . (116) 

At T = 0, and restricting the k integration to the range < fc < 2/i (as before, the momentum dependence 
of the gap function suppresses any contribution from the region k > 2/i), this can be transformed into 



nS^(0).-3™^/'^(l + |) J^. (117) 
Ck V M / Sk + ? 



Neglecting the momentum dependence of the gap function, the remaining integral can be done introducing 
the variable 

To leading order, the result is 

H™(0)^-|m^ (119) 
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The Debye mass is reduced by a factor 2 as compared to the value in the normal phase. 



The limit T ^ Tc cannot be studied with Eq. ( |116[ ), and one has to go back to Eq. (100a). It is obvious 
that one will reproduce the HDL result (M). 



(ii) fi ~ 0, u = i: With Eq. ( 100b ), and the same approximations as before, one obtains 



n^4(o) 



27r2 



poo 













V4 [^Fik)-N{ei)] 



[l-7V+(fc)-iV(e+)] 



= , 
by symmetry. 

(iii) fj, ^ i, ly ^ j: From Eq. (100c) one derives under the same approximations 

1 — n 



(120) 



lNf_ 
67r2 



1 



l-n+ 



[N+{k)-N{4)] 



l-N+{k)-N{e+)] 



+ -[l-A^,-(fc)]+2-^i^[l-iV(4)]-2 



(121) 



where the last term is a vacuum subtraction. 

At r = 0, th e int egral over the first two terms in the integrand has already been computed for 1144(0), 
with the result ( 119 ). This is cancelled by a part of the vacuum subtraction. The remainder is 



67r2 



dk 



(122) 



Because the momentum dependence of the gap function suppresses the contribution from momenta far from 
the Fermi surface, the integral can be restricted to the region < fc < 2 /i. To leading order, one may 
neglect in the numerator. [The respective contribution is of order (/)g ln(2^/(/)o).] Then, introduce the 

integration variable z = — k + fj,. Neglecting the momentum dependence of the gap function, as well as 
terms of order [(/>j^]^, one obtains 



III 
127r2 



2fiJ 2 



(123) 



The limit T ^ Tc is not well-defined for Eq. (121); using Eq. (100c) it is, however, straightforward to show 
that n4-'4(0) no'^ (O), as expected. 



C. Gluons with color 5 and 7 



In the limit po = 0, p 0, i.e., k2 — > ki, it is obvious from comparing Eqs. (96b) and (96c) that 



UrA0)^n'r5{0) , (124) 



hence, the results from the previous subsection can be carried over. 



D. Gluons with color 8 



(i) 11 = V = Q: From Eq. (102a) one obtains with the approximations (103) 
g^Nf 



n""(o) 



dk 



1 - 2n,1 



(125) 
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The integrand is vanishingly small except close to the Fermi surface. One can therefore restrict the k 
integration to the range < A: < 2/i. Then, introducing ^ as integration variable and using the symmetry of 
the integrand around ^ = 0, 



n"°(o) 



-3 m" 



d 



A- tanh ( ^ 
2T 



(126) 



where higher order terms (~ C^//^^) in the integrand have been neglected. The remaining integral is unity 
(remember that T), and the final result is 



n""(0)^-3m^ . 

Note that this result is independent of the temperature. One concludes that 

n°°(0)^^no"°(0) + in™(0)^-3m2. 



(127) 



(128) 



does not change with temperature in the superconducting phase; it always has the same value as in the 
normal phase. 



(ii) n = 0, ly = i: On account of Eqs. (102b) and (111), 

fl"^(0,p)^0. 

Consequently, also ngg(O) ~ 0. 

(iii) ^ ^ i, v ~ j: For n'-'(O) one derives from Eq. (102c) with the standard approximations 
g^Nf 



(129) 



ff^(O) 



67r2 



dk k^ 



dN{e+) , 4[l-7V(e+)](l-n+) 4iV(e+)n+ 



del 



+ k + fi 



(130) 



where the last term is a vacuum subtraction. 



At T = 0, Eq. (|130D becomes twice the integral in Eq. (122), hence 



As a consequence. 



ff^ (O) ~ 6'^ ml 



n^i(o)^<5^^-^ 



(131) 



(132) 



As r ^ Tc, an integration by parts shows that IT^ (0) 0, as it should be. Consequently, also ngg(O) 0. 

This concludes the discussion of Debye screening and the Meissner effect. In the next section, it will be 
demonstrated that for momenta p 3> (po, i.e., when the gluon momentum is large enough to resolve the 
quarks in a Cooper pair, the gluon self-energy approaches the value in the normal phase. 



VI. NONZERO GLUON MOMENTUM 



In this section, the gluon self-energy will be computed in the static limit, but for gluon momenta (j)Q <ti p ^ 
/i. In the condensed matter literature, this limit is known as the Pippard limit The actual calculation 
follows closely that for ordinary superconductors (see for instance Q). It will be convenient to consider the 
difference between the self energies in the superconducting and normal phases, 

(5n = n - Ho . (133) 

For large gluon momenta, effects from the pairing of quarks have to vanish, as the gluon wave length is 
short enough to resolve individual quarks in a Cooper pair. Consequently, the Debye mass for gluons of 
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color 1, 2, and 3 can no longer vanish, but must approach the value in the normal phase. Simultaneously, 
for gluons of color 8 the Meissner effect has to vanish. These are the two cases studied in this section. 

Of course, also the electric and magnetic masses of gluons with colors 4, 5, 6, and 7 have to approach 
their values in the normal phase. I was, however, not able to derive simple analytical expressions for the 
self-energy of these gluons in the limit (po ^ p ^ fi. An explicit numerical study will be deferred to the 
future. 

First note that for p <^ fi, k ^, 



k± 



kp 



(134) 



This then leads to the same expressions (46a) - (46c) for the spin traces as in the HDL limit. As in the 
previous section, quasi-antiparticles will be treated as real antiparticles, cf. Eq. ( |103| ). Furthermore, for the 
sake of notational convenience, let us introduce 



0± = 0+(e±) 



iV4 



7V(e±) 



(135) 



A. Electric gluons of color 1, 2, and 3 



Writing N± — [1 — tanh(e±/2r)]/2, the self-energy of electric gluons of colors 1, 2, and 3 is from Eq. (99a) 



nW(o,p) 



■Nf 



(2^ 



1 



1 



tanh 
tanh 



\2TJ 



tanh 



(2r) 



\2TJ 



1 - tanh I 



(136) 



where terms of order p^ /k"^ have been neglected. The se lf- en ergy in the normal ph ase c an be obtained either 
from Eq. (H), for po = and with the approximations (|103[), or directly from Eq. (136) in the limit (j)± 0: 



no°"(o,p) 



(2^)3 



tanh 



2T 



— tanh 



2T 



(137) 



Now consider the difference (5n]']'(0, p) between (136) and (137). As the main contribution to the integral 
over k comes from the region around the Fermi surface, it is admissible to neglect the momentum dependence 
of the gap fimction, 0+ ~ 0_ = <f). Then one rearranges the integrand to separate terms of the form 



1 



— tanh ( 



\2TJ 



) — tanh ( 

2T 



(138) 



As argued in Q, these terms vanish by symmetry when integrating over (A careful analysis shows that 
this is correct to leading order in (j^/p.) The result is 



mW(o,p) 



g^Nf f d^k 



(2^)'ek.p 



tanh ( 



\2TJ 



— tanh ( - — ^ 



(139) 



As the integrand peaks at the Fermi surface, ^ — 0, and for k • p ~ 0, one can approximate the hyperbolic 
tangens by tanh(e±/2T) ~ tanh(0/2T), and obtains to leading order 



5n^^(o,p) 



2 V 

-3 m — tanh 
y p 



(j) \ f^"/'*' dx fP/'^'t' dy 



2T 



1 



1 



y \^J[x + vY + i yJ[x-vY + 1 



where x = y = k- p/(2</i). The y integral can be done exactly. In the limit fi ^ p ^ (j), 



OT,'y(0,p) ~ 3m^ - tanh 
y p 



2T 



du 



2u 
sinhf 



3 m„ 



2 p 



tanh 



2T 



(140) 



(141) 
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The self-energy in the normal phase is approximately constant for momenta p fi, such that 



n??(o,p) 



-3 mi 



1 tanh — - 

2 p \2T 



(142) 



This shows that the absolute value of the self-energy in the superconducting phase is reduced as compared 
to the normal phase. For increasing the correction becomes smaller, such that electric fields for adjoint 
colors 1, 2, and 3 are screened over an only slightly longer distance than in the normal phase. In this case, 
the gluons "see" the individual fundamental color charges inside the Cooper pairs. 

For decreasing p/cj), however, the correction becomes larger. This is in agreement with the results of Sec. 
where the self-energy of gluons with colors 1, 2, and 3 was found to vanish in the limit p ^ 0, i.e., when 
the gluon momentum is too small to resolve individual quarks inside a Cooper pair. Although strictly valid 
only for p ^ <j), hy extrapolating Eq. (142) to p ^ (f> one would conclude that, at T = 0, this happens once 
p is smaller than ~ 5 (/)o . 



B. Magnetic gluons of color 8 



For magnetic gluons, one derives from Eq. ( 102c ) 



ff^(0,p) 



g^Nf f (Pk 



(27r)3 



- k' F 



1 

2k 



1 



^tanhfl±, 



tanh ( — I 



1 



tanh 



\2TJ 



1 



tanh ( 



(2r) 



2 + — tanh ( 



f-U- 

V2T/ 



2/i 



1 



tanh ( 



\2TJ 



1 



tanh ( 



(2^) 



Here, the momentum dependence of the gap function was neglected, 
which contain terms ~ /x^, e\ was approximated by ^j.. 
In the normal phase, the corresponding expression reads 



(143) 

Moreover, in denominators 



no^^(o,p) 



g^Nf f (fk 



(27r)3 



k' F- 



1 



tanh - — — tanh — 



+ S 



— 

2k 



2T 



2 + tanh ( |i 



2T 



2T 



(144) 



In the difference SIT^ , there are again terms like ( |138[ ), which vanish by symmetry arguments. There is also 
a term ^ (j)^ /(Afik) which is of higher order and thus can be neglected. The remainder can be written as 



(5ff^(0,p) 



^3m - 



dx fP/^^ dy , 
— / — tanh 

y 



2T 



2tt 



(145) 



As before, x = ^/(f>, y = k- p/20. Since the x integral is dominated by the region around the Fermi surface, 
X ~ 0, I have set a; = in the argument of the hyperbolic tangens. 

For i j, the integration over the polar angle (p vanishes, thus SW^ is diagonal. However, not all diagonal 
elements are equal. Let p = (0, 0,p). Then k^ = [1 — {2(j)y/p)'^] cos^ ip, ky — [I — {2(f)y/p)'^] sin^ ip, and the 
transverse components of SW^ are 



(5n^^(0, p) = 6nyy(0, p) ~ — ^ tanh 

y 4 p 



2T 



(146) 
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To obtain this result, I have used the fact that the y integration is dominated by the region y ~ 0, and 
consequently have set y = in the hyperbolic tangens as well as in k^. y. The remaining integral is then the 
same as in Eq. (140). 

The longitudinal component can be shown to be of higher order in (p/p, such that to leading order, 



m^"(0,p) ~ 



(147) 



This result is not unexpected: the self-energy for gluons in the normal phase is transverse, Hq*"' (0, p) ~ 
((5*-' —p^p')p'^ m^/(12 /i^). [Note that this expressions is of order g^p^ <C ff^H^ , and thus not in contradiction 
to the HDL result (61).] Equations (146) and (147) now combine to give a transverse self-energy for the 
eighth gluon, too, 



n^i(o,p) 



P 



12^2 



tanh — 

4 p \2r 



(148) 



VII. SUMMARY, CONCLUSIONS, AND OUTLOOK 

In color-superconducting quark matter with Nf = 2 degenerate quark flavors, the condensate can be 
oriented in (anti-)3 direction in fundamental color space by means of a global color rotation. Then, only 
quarks with fundamental colors 1 and 2 form Cooper pairs, while quarks of the third fundamental color 
remain unpaired, and act as a background to neutralize the color-charged condensate. Since the unpaired 
quarks carry the same color charge, two of them are in the (repulsive) sextet representation of SU{3)c- 
Consequently, they do not form Cooper pairs and the system is stable. 

The condensate breaks the SU{3)c color symmetry to SU{2)c- With the above color choice, the generators 
of the unbroken SU{2)c subgroup are the SU{3)c generators T^, and T^, with T" = 12 and the 
standard convention for the Gell-Mann matrices A". The gluons corresponding to the remaining generators 
through all receive a mass via the Anderson-Higgs mechanism. 

What are the expected values for these masses? The effective Lagrangian for the low-energy excitations 
of the condensate fields minimally coupled to gauge fields has the kinetic term fia] 



(149) 



The presence of a heat and particle bath at nonzero T and/or fi breaks Lorentz invariance, so that the 
coefficient ac of the part containing the time derivatives can in principle be different from the one of the 
part containing the spatial derivatives, am. 

For a two-flavor color-superconductor, $ is a SU{3)c (anti-)triplet, $ = {^1,^21^3)'^ 0- Consequently, 
the covariant derivative is = d^j^—igAI^T"- , with the generators being in the fundamental representation. 
If $ attains a non-vanishing expectation value ($) = (0, 0, (t>o)^ , 4'Q £ R-i this generates a mass term for the 
gluon fields of the form 



1-1 ^9 <Po ("o ^0 



2 i2 

9 00 



I ^ (ae AS + am A^ Al) + \ {a, A^ A", + a^ Af A^ ' 



a=4 



(150) 



The expected electric and magnetic gluon masses are 



=Af2 ^M^ =0 =M^ =M^ =Af = Z""^™--^ /2ao^m 

-^•^^c.m -'*^-*c,m -^"^^c,!!! ^ •) -"^c.m -'^^-'c.m -'^^-'c.m -^"^^cm 



c . m c , m c , m c , ni 



■500 , M» = 



3 00 , 
(151) 



such that the ratio 



4/3 



(152) 
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In this work, the gluon self-energy in a Nf = 2 color superconductor has been derived. Due to the 
pattern of symmetry brea king, one has to study the individual gluon colors separately. The central result 
are equations ( p9| ) - ( |102| ). Various limits of these expressions are of interest. Here, the self-energy was 
computed in the static, homogeneous limit, pq — 0, p 0, which yields the Debye mass for electric and the 
Meissner mass for magnetic gluons. The main results are summarized in Table |. 

For the three gluons of the unbroken SU{2)c subgroup (gluon color s 1, 2, and 3), the Debye mass as well 



as the Meissner mass vanish. While this is in agreement with (151), it is at first physically unclear, and 
therefore quite surprising, why gluon fields with colors 1, 2, and 3 are not screened. To explain this, I argued 
as follows. Gluons with adjoint colors 1, 2, and 3 couple to fundamental colors 1 and 2. At T — 0, however, 
all quarks with these color charges are bound in Cooper pairs which have fundamental color (anti-)3. Thus, 
these gluons cannot "see" the quark charges, and hence are unscreened. At nonzero T, quasiparticles are 
thermally excited. They have the "right" fundamental color (1 and 2) to screen gluon fields with adjoint 
colors 1, 2, and 3, and consequently lead to screening and a nonzero Debye mass. At T — Tc, when the 
condensate melts, the Debye mass assumes its standard value in the normal phase. 

Of course, at T = the gluon self-energy vanishes only in the zero-energy, zero-momentum limit, since then 
the gluon field cannot resolve individual quarks inside the Cooper pair. For large gluon momentum p 3> ^Oj 
electric gluon fields are screened; the self-en ergy is the same as in the normal phase, up to a correction of 



order ~ (t)o/p, as computed in Sec. VI A 



The gluons corresponding to the broken generators of SU{3)c all attain a mass through the Anderson- 
Higgs mechanism. While the Debye mass for electric gluons of color 8 is the same as in the normal phase, the 
Debye mass squared for colors 4 through 7 is only half as large. As T approaches Tc, however, the melting 
of the condensate leads to an increase of the Debye mass to its standard value. At zero temperature, the 
ratio of the Debye masses squared of gluon color 8 and 4 is i?e = ngg(0)/n44(0) = 2. 

The Meissner mass squared for gluons of color 8 is 1/3 of the gluon mass squared, nig, while that for 
gluons of colors 4 through 7 is 1/2 of the gluon mass squared. The Meissner effect vanishes as T approaches 



Tc, or when the gluon momentum p ^ (f>o, as computed in Sec. VI B|. The ratio of the Meissner masses 
squared of gluon color 4 and 8 is R„, = n^^(0)/ng,(0) = 2/3. 



Bot h _Rc and i?ni differ from the expectation (152). What is the origin of this discrepancy? The kinetic 



term (150) is not the only possible invariant in an effective Lagrangian, where the condensate fields are 



minimally coupled to the gauge fields. Another possibility is the term |20) 

= (3^ ($t£)„$)t ^t£,o^ ^ ($t£)^$)t $t£,*$ ^ (153) 

which has mass dimension six [consequently, pe,m have dimension (mass)"^]. Note that in the nonlinear 
version of the effective theory [ pi| , where the modulus of $ does not change, only the phase, this term is 



identical to the standard kinetic term (15C) 



TABLE I. Results for the Debye and Meissner masses in a two-flavor color superconductor. 



gluon color 
a 


-n°°(o) 

T = T>Tc 


nL(o) 

r = T>Tc 


1 - 3 


3 ml 





4-7 


3 2 o 2 


^ml 


8 


3 ml 3 ml 


im^ 
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Upon condensation, (<J>) = (0, 0, (po) , the term (|153| ) contributes to the mass of the eighth gluon, 

J^f ^9^4l {0. Al Al + (3^ Al Al) . (154) 
With this term, one reproduces the zero-temperature magnetic masses given in Table | with the choice 



m 



a 



g^C^l 6^2 ^2 ' /-m- ^4 ^^^^^^^ 



Note that the prefactor of the kinetic term (150) has the l/^io behavior typical for effective theories of 



superconductivity [yjjjl9(]. To reproduce the electric masses, the coefficients and (3c have to be chosen as 

ac = ia^ , /3(, = -3/3in. (156) 



Th e expressions (155) and (156) fix the prefactors of the kinetic term (15C) and the higher-order term 
( |153| ) in the effective low-energy theory of condensate fields coupled to gluons. Up to mass dimension four, 
the effective theory for an SU{?i)c vector $ has, apart from the gauge field part, two more terms which are 
invariant under SU{'i)c transformations 0|: a mass term for the condensate field 

and a quartic self interaction 

4'J^ = A($t<i>)2 . (158) 

Work is in progress to determine the condensate mass M and the coupling constant A |22| . 

What is the impact of these results for the solution of the gap equations? Remember that, after taking 
into account the color and flavor structure, the gap matrix in spinor space obeys the gap equation [p[ 



^tl(K-Q)-\^^,^{K-Q) 



7^Go-(Q)$+(Q)G+(Q)7. . (159) 



Previously [Bp|qJT2], the gap equation was solved using the HDL propagator for both An and A, 



88, 



Q 

where A^^^ = A(^^ -|- IIo. The integral on the right-hand side is dominated by gluons with small momenta, 
K — Q ~ Q. In the HDL limit, however, static electric gluons are screened by the Debye mass, Ho°''(0) ~ 
— 3mg, cf. Eq. (|53|). Their contribution is therefore suppressed as compared to that of magnetic gluons 

which are not screened in the static limit, no'"' (0) ~ 0, cf. Eq. (|6l|). The dominant contribution to the gap 
integral therefore comes from (nearly) static magnetic gluons. A careful analysis ^,^Mll] shows that the 
gluon energy is not exactly zero, but pq ~ 0Oj while the gluon momentum is p ~ (m^oP^'^, and thus, in 
weak coupling, actually much larger than The coefficient cqcd = Stt^/v^ is determined by how many 
nearly static magnetic modes contribute, and by the precise form of the magnetic HDL propagator. 

As shown in this paper, the gluon propagator in a two-flavor color superconductor is, at least in the static 
limit, po = 0, and for small gluon momenta, p ^ (j)o, drastically different from the HDL propagator. For 
instance, for gluon colors 1, 2, and 3, which constitute the main contribution to the gap equation (|l59| ), both 
magnetic and electric modes remain unscreened. For gluon color 8, previously unscreened static magnetic 
gluons attain a Meissner mass. 

In order to assess the effect of these results on the solution of the gap equation, one needs to solve the gap 
equation with the full energy and momentum dependence of the gluon propagator in the superconducting 
phase, to decide which energies and momenta constitute the dominant contribution to the gap integral. If 
gluon energy and momentum are much larger than the zero-temperature gap, the impact will be rather 



small, because, as was shown in Sec. |V|, the effect of the superconducting medium is only a small correction 
of order O{(j>o/p) to the standard HDL propagator. This might influence the prefactor of the exponential 
exp(— cqcd/s), but not cqcd itself. On the other hand, if the dominant range of energies and momenta is 
Po, P ~ </'o, the impact could be large and might even change cqcd- A detailed analysis of this problem is 
under investigation [E3|. 
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